A multistream model for spinless electrons in a relativistic quantum plasma is introduced by means of a suitable fluid-like version of the Klein-Gordon-Maxwell system. The one and twostream cases are treated in detail. A new linear instability condition for two-stream quantum plasmas is obtained, generalizing the previously known non-relativistic results. In both the one and two-stream cases, steady-state solutions reduce the model to a set of coupled nonlinear ordinary differential equations, which can be numerically solved, yielding a manifold of nonlinear periodic and soliton structures. The validity conditions for the applicability of the model are addressed.
I. INTRODUCTION
The interest in relativistic quantum plasma systems is growing exponentially, not only because of the relevance to astrophysical problems but also due to the fast advances in strong laser-solid plasma interaction experiments. Indeed, the development of multi-PetaWatt lasers will soon make possible to address simultaneous quantum and relativistic effects in laboratory plasmas [1] . Relativistic quantum kinetic models have been proposed, in the treatment of the plasma dispersion function for a Fermi-Dirac equilibrium [2] , and in the study of relativistic effects for quantum ion-acoustic wave propagation [3] . Also, a covariant Wigner function theory for relativistic quantum plasmas described by the Dirac-Maxwell system has been suggested [4] , as well as the spinless (Klein-Gordon-Maxwell) analog has been presented [5] . The Klein-Gordon-Maxwell system of equations has been applied to the analysis of parametric scattering instabilities in relativistic laser-quantum plasma interactions [6] , while recent models have been introduced based on the Dirac-Maxwell equations describing the nonlinear propagation of light in Dirac matter [7] .
Relativistic two-stream instabilities are traditionally known to be important for the electron heating in intense laser-plasma interaction experiments [8] , as well as in astrophysical relativistic shocks [9] , and could be important for pulsar glitches [10, 11] , where superfluid neutrons and superconducting protons co-exist with relativistic electrons [12] . In addition, the two-stream instabilities between electrons and/or holes are also believed to exist in semiconductor plasmas [13] [14] [15] .
In a lowest level of approximation than kinetic theory, quantum plasma hydrodynamic models are popular tools (see, e.g. [16] [17] [18] [19] ), since they allow an efficient treatment of nonlinear phenomena, both from the analytical and numerical viewpoints. Starting from the Dirac-Maxwell system, there are hydrodynamic models for relativistic quantum plasmas [20] , which have been extended to incorporate particle-antiparticle effects in the wave propagation [21] , as well as relativistic quantum corrections to laser wakefield acceleration [22] . In these fluid formulations, we note, in particular, the non-trivial form of the relativistic extension of the quantum tunneling force in the momentum transport equation. Electromagnetic quantum hydrodynamic wave equations have also been considered including relativistically degenerate electron fluids [23] , based on previous spin-one-half hydrodynamic models [24] [25] [26] [27] . We note that hydrodynamic versions of the Klein-Gordon-Maxwell system have been used in the past [28] , and recently in the context of laser physics [29] .
In this paper, we introduce a relativistic multistream quantum plasma model starting from the Klein-Gordon-Maxwell system of equations. We adapt the formalism according to the classical [30] and quantum [31] multistream model for plasmas, and show its usefulness in a paradigmatic plasma problem, namely the linear and nonlinear features of the quantum two-stream instability in the relativistic regime. The simplicity of the Klein-Gordon equations, in comparison to the Dirac equation, makes it a natural candidate for the extension of non-relativistic quantum plasma theories to the relativistic regime, when electron-one-half spin effects can be neglected. Therefore, a direct comparison to existing results on quantum plasmas can be obtained in an easier way. Moreover, an hydrodynamic formulation based on the Klein-Gordon-Maxwell system of equations strongly favors the development of new analytical and numerical tools for relativistic quantum plasmas. On the other hand, the domain of applicability is restricted to plasmas where the electron-one-half spin effects are not decisive, like in close to isotropic equilibrium configurations. For the parameters in this work, we have no quantized electromagnetic fields, so that quantum field theoretic results involving e.g. pair creation are not included. Streaming instabilities in non-relativistic quantum plasmas are attracting considerable interest, since they display many surprising characteristics of pure quantum origin. Among these, we have a new instability branch for large wavenumbers, as well as new nonlinear spatially periodic solutions in the steady state case [32] . Besides formulating the relativistic version of the quantum multistream model for plasmas, the purpose of the present work is to extend the analysis of the quantum two-stream instability to the relativistic case.
The manuscript is organized as follows. In Section II we introduce the multistream KleinGordon-Maxwell system of equations, casting it into a suitable fluid-like formulation. The one-stream case is treated in detail in Section III, where linear wave propagation is studied considering small amplitude perturbations around homogeneous equilibria, and a rich variety of nonlinear periodic as well as soliton structures are found numerically. An existence criterion for solitary wave solutions is obtained. In Section IV, the relativistic quantum two-stream case is studied in depth. The linear relativistic quantum two-stream instability problem is fully characterized. In this regard, a main result of this work is the derivation of the instability condition in Eq. (82), which provides a natural generalization to the non-relativistic instability criterion [31] . Both nonlinear periodic and soliton structures are found numerically, and an existence criterion for localized solutions is obtained theoretically.
Section V is dedicated to the final conclusions, including a detailed account on the validity domain of our model equations.
II. THE KLEIN-GORDON-MAXWELL MULTISTREAM MODEL
We here consider a relativistic multi-stream quantum plasma where the electrons are described by a statistical mixture of N pure states, with each wavefunction ψ j satisfying the Klein-Gordon equation
where we have defined the energy and momentum operators respectively as
and
Here, m and −e are the electron mass and charge, respectively, is the Planck constant divided by 2π, c is the speed of light in vacuum, and φ and A are the scalar and vector potentials, respectively.
The electric charge and current densities are, respectively,
The charge and current densities fulfill the continuity equation
The self-consistent scalar and vector potentials are obtained from the inhomogeneous
Maxwell's equations, using the Coulomb gauge ∇ · A = 0, as
where a fixed neutralizing ion background of the charge density en 0 was added, and where ε 0 and µ 0 denote the vacuum electric permittivity and magnetic permeability, respectively.
Here, the d'Alembert operator is
The resulting Klein-Gordon-Maxwell system of equations (1) and (7)- (8) describes the nonlinear interactions in relativistic quantum plasmas where spin effects and pair creation phenomena are negligible. In explicit form, the Klein-Gordon equation reads
Following Takabayasi [28] , it is convenient to introduce a fluid-like formulation in terms of the eikonal decomposition
where the amplitude R j and phase S j are real functions. Separating the real and imaginary parts of the Klein-Gordon equation, we have
In terms of R j and S j , the charge and current densities are, respectively,
Alternative hydrodynamic-like methods are also available, as for instance the FeshbachVillars formalism [33] where initially the Klein-Gordon equation is split into a pair of firstorder in time partial differential equations. However, the resulting set of equations turns out to appear much more involved than in the present Takabayasi approach, which we use due to its formal simplicity.
From now on we concentrate on the electrostatic case, and assume A = 0. In this situation, the relevant equations are
The assumption A = 0 is valid as long as the electric current is curl free, ∇ × J = 0. This is true for longitudinal waves in a stationary plasma and parallel to a plasma beam.
III. ONE-STREAM CASE
We proceed next to study linear and nonlinear waves for the one-stream case (N = 1).
For this case the sum in Eq. (18) collapses to one term involving R 1 = R and S 1 = S, and
A. Linear waves
The system of equations (19)- (21) has the equilibrium solution
where
is the relativistic γ factor for a beam momentum p. Linearizing and assuming perturbations
where, for simplicity, we take K p, and obtain
where v = p/(γm) is the equilibrium beam speed and
In the non-streaming limit p → 0 (and γ = 1), Eq. (24) is identical to Eq. (4.21) of
Kowalenko et al. [34] .
For the general one-stream case with waves propagating obliquely to the beam direction, the assumption A = 0 fails, and one has to involve the full set of Maxwell's equations.
However, in the one-stream case, one can start with the 3D dispersion relation in the beam frame, and then Lorentz transform the result to the laboratory frame. In the beam frame, the dispersion relation is
where the primed Ω ′ and K ′ are the angular frequency and wave vector of the plasma oscillations in the beam frame.
To go from the beam frame to the laboratory frame, we assume for simplicity that the beam velocity is along the z axis. Then, the time and space variables are Lorentz transformed
The corresponding frequency and wavenumber transformations are
The plasma frequency is transformed as ω
One easily verifies that the ex-
2 is Lorentz invariant. This yields immediately the general dispersion relation for beam oscillations in the laboratory frame,
In the formal classical limit ( = 0), we have from Eq. (24) the Doppler shifted relativistic plasma oscillations [35, 36 ] Ω = Kv + ω p γ −3/2 . Using the limit Ω ≈ Kv and Ω ≫ ω p in the right-hand side of Eq. (24) one obtains
which is similar to the expression used by Serbeto et al. [37] in the context of quantum freeelectron lasers, and where the last term in the right-hand side can be considered a quantum correction to the relativistic beam-plasma mode.
On the other hand, in the non-relativistic limit c → ∞ we have γ = 1 and the familiar result [31] (Ω − Kv)
describing Doppler-shifted quantum Langmuir waves.
Normalizing into dimensionless units according to
one obtains (omitting the asterisks)
If H = 0 and v = 0, we solve Eq. (30) to find the modes Ω = Ω ± , with
It can be verified that both modes are stable (Ω 2 ± > 0). It is reasonable to expand the last result assuming a small H. Even for laser-compressed matter in the laboratory [38, 39] , the value of H presently does not significantly exceed 10 −3 . On the other hand, for conditions in the interior of white dwarf stars with a quantum coupling parameter exceeding unity we reach the pair creation regime [40] , which can be safely treated only within the quantum field theory. The result is
Here Ω + is the pair branch which goes to infinity as H → 0.
In dimensional units, the pair branch has a cutoff at Ω = 2mc 2 / . The Ω − is actually a backward wave (negative group velocity) for small wavenumbers, as mentioned by Kowalenko et al. [34] below their Eq. (4.23).
B. Nonlinear stationary solutions
Next, we consider nonlinear stationary solutions of Eqs. (19)- (21) in one spatial dimension, of the form
so that the original partial differential equation system is converted into a system of ordinary differential equations
where the primes denote derivatives with respect to x.
Equation (36) can be immediately integrated as R 2 S ′ 0 =constant. This relation is also equivalent to current continuity J x =constant, which follows from the continuity equation (6) with ∂ρ/∂t = 0. Assuming that R = n 0 /γ and S ′ 0 = p where the plasma is at equilibrium, we have
which inserted into Eq. (35) yields
Equations (37) and (39) form a coupled nonlinear system for φ and R, describing steady state solutions of our relativistic quantum plasma.
Other special solutions (traveling wave solutions, alternative boundary conditions) could also be investigated, but we keep the above scheme, since then we can directly compare to the previous linear wave analysis. Indeed, Eqs. (37) and (39) admit the equilibrium
in the same way as the original Klein-Gordon-Maxwell system of equations (which also needs the equilibrium phase S).
To proceed, we first transform into dimensionless variables according to
so that the system for stationary waves becomes (omitting the asterisks)
where v = p/γ.
In the system (42) and (43), the variable x takes the role of a time-like variable, so that standard methods for ordinary differential equations can be applied. In this context, it is interesting to investigate the system around the equilibrium point if it admits only oscillatory (stable) solutions, or if it also admits exponentially growing (unstable) and decaying solutions. In the latter case, there is a possibility of finding localized solitary waves solutions with exponentially decaying flanks, which is not possible for stable cases.
Linearizing the system around the equilibrium (40) and supposing perturbations ∝ exp(iKx), we obtain the characteristic equation for the eigenvalues K
which is the same as Eq. (24) with Ω = 0. In the formal classical limit (H = 0), we have only linearly stable oscillations with
Hence, in the classical case, as is well-known, we do not have localized stationary solutions.
In the quantum case (H = 0) the situation is more complex. The characteristic equation
can be solved yielding
Expanding for small H, we obtain
Note that K − is the quantum extension of the branch in Eq. (46), while K + has no classical analog.
To investigate the stability of the equilibrium, it is useful to rewrite the characteristic equation as
which gives a second degree equation for K 2 . Since the characteristic function F (K 2 ) satisfies
and has a pole at
we will have stable oscillations provided that the minimum value F min in the branch 0 ≤
In this case F (K 2 ) intercept the value 1 at two positive K 2 values, so that the characteristic equation has only real solutions. The situation is summarized in Fig. 1 
Further analysis shows that the condition (54) can be written as
as the final condition for stable linear oscillations. It follows that the necessary existence criterion for nonlinear localized (soliton) stationary solutions is H > H max . In Fig. 2, a graph of H max is plotted as a function of the velocity v (measured in units of c), which shows that the quantum range for stable oscillations is increased for increasing relativistic effects. In the non-relativistic limit p ≪ 1, we have H < p 2 = v 2 as the condition for stable oscillations, or in dimensional units, ω p < mv 2 .
For the nonlinear system (42) and (43), a Hamiltonian form can be obtained with the further transformation 
Since we arrive at an autonomous Hamiltonian system, one has the energy integral
Restoring dimensional variables, we have the conserved quantitỹ
where β = v/c. The obtained conservation law can be used to verify the accuracy of numerical simulations. to the quantum diffraction effect, while the large-scale oscillations are related to wakefield oscillations which are well-known in classical plasmas [41] . When these two length-scale become comparable, i.e. for large H, the two length-scales interact and the oscillations become more irregular.
For parameters where the oscillations are exponentially decaying or increasing (unstable oscillations), we have the possibility of localized solutions in the form of dark or grey solitons.
It turns out that the coupled system of equations (42) and (43) 
IV. THE TWO-STREAM CASE
We next consider linear and nonlinear waves for the two-stream case (N = 2). For this case, stream is represented by a wavefunction ψ j = R j exp(iS j / ), j = 1, 2, and we have the Klein-Gordon-Poisson system of equations
which describe a relativistic quantum two-stream plasma in the electrostatic approximation, using physical variables.
A. Linear waves
Similar to the one-stream case, we have the equilibrium
for two symmetric counter-propagating electron streams.
Linearizing the governing equations and assuming plane-wave perturbations with the wavenumber K p and the angular frequency Ω, we obtain the dispersion relation
with the characteristic function F (Ω) defined by
In the classical limit, viz. = 0, we obtain the same results as in the description of classical cold relativistic electron beams using the fluid theory [8] . It can be treated in full analytical detail. We have the dispersion relation
Equivalently, it is useful to write the classical dispersion relation as F C (Ω) = 1, with the characteristic function
obtained by setting = 0 in Eq. (67). The dispersion relation turns out to be a quadratic equation for Ω 2 , hence F C (Ω) should attain the unity value four times to prevent instability.
Graphically (see Fig. 7 ) we conclude that
is the condition for linear stability. This shows that the wave-numbers such that
are linearly stable. The same conclusion is reached analyzing the potentially unstable mode in Eq. (69). In comparison with the non-relativistic stability condition
note that the relativistic effects are stabilizing, since they imply a smaller unstable range in wave-number space. Setting Ω = iΩ i for real Ω i and using Eq. (69), we obtain
as the maximum growth rate, which also becomes smaller due to relativistic effects.
On the other hand, in the quantum but non-relativistic ( = 0, and c → ∞) limit we
We will not discuss the non-relativistic case, since this has been already done in the past [31] . The non-relativistic case, as well as the non-quantum case, can be solved in full analytical detail, because in both situations the dispersion relation is equivalent to a second degree polynomial equation for Ω 2 .
We now turn our attention to the fully quantum-relativistic dispersion relation (66 67), which is mainly determined by the poles at
paying attention just to the positive values. More precisely,
otherwise the positive pole is at −Ω 1 . It can be shown that one has the ordering
Here, Ω 1 and Ω 2 have classical counterparts as → 0, while Ω 3 and Ω 4 are associated with pair branches, without classical counterparts.
We note that the case K = 2p is degenerate, since then one has Ω 1 = 0 and the dispersion relation becomes a third degree polynomial equation for Ω 2 . The solutions to this particular case always correspond to (marginally) stable modes, not considered any further
here.
A tedious analysis shows that the characteristic function has the following properties
Moreover, F (Ω) tend monotonously to zero as Ω → ∞. These results imply that the wave-numbers satisfying K > 2p are always stable, since in this case the characteristic function has the topology shown in Fig. 8 , where F (Ω) always intercepts the value unity four times. In summary, besides K < 2p we have
as a necessary condition for unstable linear wave propagation in our two-stream relativistic quantum plasma. Rearranging the instability conditions found, we combine them according
It can be verified that Eq. (82) reproduces the non-relativistic results [31] .
The instability condition (82), together with a numerical solution of Eq. (66) are depicted in Fig. 11 . Here we assumed that Ω = Ω r + iΩ i , where Ω r is the real frequency and Ω i the growth rate, and plotted Ω i /ω p as a function of
for different values of γ. The case γ = 1 corresponds to Fig. 1 of Ref. [31] , while γ > 1 show the relativistic effects on the instability region. We note that in the formal classical limit the largest unstable wavenumber becomes smaller as γ → ∞. On the other hand, the height of the upper curve in the instability diagram scales as γ 2 , so that in this sense the combined quantum-relativistic effects tend to enlarge the unstable area. Ultimately, however, quantum effects stabilize the sufficiently small wave numbers, no matter the strength of relativistic effects. An interesting quantum effect is the appearance of an instability region at large and γ > 1 in Fig. 11 correspond to extremely high electron number densities, comparable to those in the interiors of white dwarf stars and similar astrophysical objects.
B. Nonlinear stationary solutions
We consider the one-dimensional version of the system (62)-(64) and stationary solutions of the form
Equations (63) are then equivalent to
where the primes denote x−derivatives. Assuming
at equilibrium, applying the transformation
and using Eq. (84) to eliminate σ ′ 1,2 from Eq. (62), we readily derive the system of equations (omitting the asterisks)
which predict nonlinear stationary solutions of a relativistic quantum two-stream plasma.
HereH and v are defined as in the one-stream case.
Linearizing around R 2 1,2 = 1/(2γ) and φ = γ, and supposing perturbations ∝ exp(iKx), we obtain a quadratic equation for K 2 , which is also obtained from Eq. (66) setting Ω = 0.
Proceeding as before, we formally obtain the same existence condition as Eq. (55) For the streaming case in Fig. 15 , we also only found localized solutions corresponding to
Similar as in the one-stream case, we have a maximum beam speed of v ≈ 0.1 for the existence of localized solutions, and as the beam speed approaches this value, the amplitude of the soliton decreases and becomes oscillatory in space.
One further issue is the stability of the localized solutions in the streaming cases v > 0.
Far away from the localized solution, the plasma can be considered to be homogeneous, and of Ω is positive. In the one-stream case, studied in Section 2, all solutions were found to be stable in time, while in the two-stream case, studied in Section 4, we have K for which the solutions are unstable. Hence, for the two-stream case the system is sensitive to perturbations far away from the localized structure. The general stability analysis for localized solutions can be carried out with normal mode analysis by perturbing the nonlinear equilibrium solution of the system (62)-(64) as
, and assuming that the perturbed quantities vanish at |x| = ∞. This leads to a linear eigenvalue problem with eigenfunctions R 1 (x), S 1,2 (x) and φ(x), and eigenvalue Ω. Solutions with Ω having positive imaginary parts are unstable and will grow exponentially with time. In this paper, we have presented a multistream model for a relativistic quantum plasma, using the Klein-Gordon model for the electrons. We have treated the one-and two-stream cases in detail. We have derived dispersion relations for the linear beam-plasma interactions in the one-stream case, and for the streaming instability in the two-stream case. The system exhibits both plasma oscillations close to the plasma wave frequency that reduce to the Langmuir oscillation frequency in the classical limit → 0, and pair branches which do not have a classical analog. Also, there is a new instability branch for large wavenumbers of pure quantum origin. A main result of this work is the derivation of the instability condition in Eq. (82), which provides a natural generalization to the non-relativistic instability criterion [31] . Another important result is the condition (55) for the existence of periodic (stable) oscillations and exponentially growing and decaying (unstable) steady-state oscillations, where the latter exist only below a given electron beam speed. Similar to the classical plasma case [45] , this furnishes an existence condition for periodic solutions, which exist only for cases with exponentially growing and decaying solutions. A rich variety of nonlinear [46] . The pair creation phenomena have been neglected here, because our model excludes quantized fields. Hence, ω p needs to be much smaller than 2mc
2 [40] . Working out the weak coupling and no quantized field assumptions, formulated as Γ < 1 and ω p /(2mc 2 ) < 1, we have (using SI units) log 10 T > 1 3 log 10 n 0 − 4.8, if χ < 1,
log 10 n 0 > 28.8, if χ > 1,
and log 10 n 0 < 38.9.
as the condition for the applicability of our theoretical model.
Finally, it should be noted that our investigation neglects electron-one-half spin effects, which are justified since we used an unmagnetized quantum plasma model, and hence there are no spin couplings to a magnetic field. In conclusion, we stress that the present investigation of linear and nonlinear effects dealing with relativistic electron beams in a quantum plasma is relevant for high intensity laser-plasma interaction experiments [1] , white dwarf stars [47, 48] , and neutron stars [10] [11] [12] , where both quantum and relativistic effects could be important.
